TRAVERSABLE WORMHOLES WITH
ARBITRARILY SMALL ENERGY CONDITION VIOLATIONS
Introduction:
We know that traversable wormholes require "exotic matter", that is, violations of the averaged null energy condition (ANEC), Morris and Thorne, (1988) , Friedman, Schleich and Witt (1993) , Hoccberg and Visser (1998), Visser (1995) . But, do we need "large" amount sufficient to do the job? This question is particularly interesting in view of the fact that quantum effects are known to induce some energy condition violations Epstein, Glaser and Jaffe (1965) .
Furthermore numerical evidence suggests that quantum effects may be sufficient to support a wormhole throat Hochberg, Popov and Sushkov (1997) . On the other hand, there are significant limitations (the Ford-Roman "quantum inequalities" and their variants) on the "size and distribution" of quantum-induced energy condition violations, Ford and Roman (1995) .
To set the stage, consider the four great results of global analysis in classical GR the area increase, positive mass, singularity, and topological censorship theorems. Some of these classical results seem to survive the introduction of quantum physics, others do not.
In the case of the area increase theorem, Hawking and Ellis (1973) , we know that quantum effects, though extremely tiny, violate the ANEC (and other energy conditions) and are a necessary precondition for Hawking radiation, Birrell and Davies (1982) . The effect though tiny is secular, so it accumulates and completely reverses the conclusion of the classical area increase theorem once quantum effects are brought into account.
In contrast, for the positive mass theorem, Schon and Yau (1981) the situation is rather different. For a finite spherically symmetric static distribution we known (using curvature coordinates) that With regard to topological censorship, the key question is this: Is the existence of traversable wormholes more akin to the situation with the area increase theorem (infinitesimal) ANEC violations reverse the conclusion of the theorem) or is it more akin to the situation with regard to positive mass (large WEC violations needed for a large negative mass)? We shall answer this question by explicit example-we work with static spherically symmetric spacetimes and develop a suitable quantitative measure of the "total amount" of exotic matter.
We then display a particular class of spacetime geometries that contain a traversable wormhole (and thereby violate topological censorship), but which are supported by arbitrarily small quantities of exotic matter.
We conclude that the topological censorship theorem is more akin to the area increase theorem than to the positive mass theoremsmall violations of the energy conditions are sufficient to evade the conclusions of the theorem.
Constructing the wormhole:
Consider a static spherically symmetric spacetime and go to Schwarzschild coordinates (curvature coordinates) Morris and Thorne (1988), Visser (1995):
Then using the Einstein field equations, the components of the diagonal energy-momentum tensor in an orthonormal basis turn out to be (Units -G = c = 1), Morris and Thorne (1988), Visser (1995) : 
then we can cut the spacetime at 0 , r r  and paste it on to a second copy of itself, with a C 2 geometry at r = r 0 . The extrinsic curvature of the hypersurface 
Then integrating by parts
The boundary term at r 0 vanishes by our construction of the wormhole. but in the general case this does not lead to a particularly useful volume integral. We emphasize that it is r p that is guaranteed to be associated with ANEC violations, whereas inequalities associated with t P generically represent "normal" matter.
Specialization 1: Spatial Schwarzschild:
Now consider the special case where the spatial metric is exactly Schwarzschild, that is   both be made arbitrarily small while the volume integral of  is identically zero by construction. In this particular example the geometry is sufficiently simple that an integration in terms of the proper volume 3 3 g d x can also be explicitly carried out. Qualitatively similar results are obtained.
We emphasise that the particular details of the geometry we have written down are now where near as important as the general principle that energy condition violations can be made arbitrarily small.
Concluding Remarks:
The specific examples presented in this chapter make essential use of spherical symmetry, and it is not yet clear to us how to usefully extend these ideas to more general situations-that is however not critical to the central point of this view; any explicit example of a traversable wormhole with infinitesimal ANEC violations will serve to illustrate the point we wish to make.
Let us now summarize the key result: ANEC violations are certainly needed to support traversable wormholes, but by appropriate
